Abstract. In the framework of ZF, i.e., Zermelo-Fraenkel set theory without the axiom of choice AC, we show that if the family of all non-empty, closed subsets of a metric space (X, d) has a choice function, then so does the family of all non-empty, open subsets of X. In addition, we establish that the converse is not provable in ZF.
Notation and terminology
In the following, each of the statements "Form x" has been considered in [5] , where all known implications between these forms are given in Table 1 ; see http:// www.math.purdue.edu/˜jer /Papers/conseq.html.
Definition 1.
(1) Let (X, T ) be a topological space. (1a) X is said to be a Loeb space iff the family of all non-empty, closed subsets of X has a choice function. 
Proposition 1 ([7]). (ZF) |ω
We shall use the following abbreviations: 2 for "second countable", S for "separable", hS for "hereditarily separable", sel for "selective", hsel for "hereditarily selective" and hLoeb for "hereditarily Loeb".
Introduction and some known results
The notion of the Loeb space was used implicitly by P. Loeb (see [13] ), and was defined explicitly by N. Brunner in [1] . Loeb proved, in ZF, that: The Tychonoff product of a well-ordered family of compact topological spaces is compact if it is Loeb.
The notion of the selective space was introduced in [8] , and it was shown, in ZF, that a selective metric space (X, d) has a well-ordered base for its metric topology. Thus, selective metric spaces are always paracompact in ZF (Rudin's proof [15] of Stone's theorem readily implies this fact). For the existence of a non-paracompact metric space (X, d) in ZF, see [3] .
We show in ZF that a Loeb metric space is selective and that the converse is not provable, i.e., that there exists a ZF model (M, ∈) in which there is a metric space (X, d) which is selective but not Loeb.
The key property that makes selective and Loeb metric spaces important is that these spaces are "close" to being well ordered. Namely, they have a well-ordered dense subset (cf. Theorems 3 and 4(i)). Now, if (X, d) is a metric space having a well-ordered dense set D, then for every point x ∈ X one can construct a sequence
Since limits are unique, it follows that |X| ≤ |D ω |. Thus, if the principle WO ℵ ω holds true, then D ω is well orderable, hence X is well orderable, and we may conclude that M(Loeb,hLoeb) is a theorem of ZF+WO ℵ ω . Now, in Fraenkel-Mostowski permutation models for ZF 0 set theory (= ZF minus the axiom of regularity), selective and Loeb metric spaces are always well orderable since the axiom PW (hence the weaker WO ℵ ω ) is true in each such model; see [5] .
Before we proceed with the main results let us recall some theorems we shall be needing.
Theorem 1. The following are equivalent:
(i) CAC(R).
(ii) [4] Every subspace of R is separable. (iii) [5] , [6] M(S,hS).
Theorem 3 ([11]). (ZF)
A metric space is selective iff it has a well-ordered dense subset. Proof. (i) Fix G a closed non-empty subset of X = A ω . We describe below, inductively, a way of choosing an element g from G. For i = 0, let g 0 be the first element of A satisfying π
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Lemma 1. (i)
Since G is closed, it follows that g = (g i ) i∈ω ∈ G and X is Loeb as required.
(ii) (⇒) Let Y be a subspace of the Baire space B = ω ω . Since B is second countable, it follows that Y is second countable, hence the family F of all closed subsets of Y has power 2 ω . Furthermore, as |ω ω | = |2 ω | (see Proposition 1), we may apply 212 on F in order to obtain a choice function on F.
(ii) (⇐) Since |B| = |R| in ZF (by Proposition 1), it suffices to show that every family A ⊂ ℘(B)\{∅} such that |A| = |B| has a choice function. To this end, fix such a family A = {A i : i ∈ B} of non-empty subsets of B. Since B is hereditarily Loeb and B is homeomorphic to B × B (the function f : B −→ B × B defined by f (t) = (t 0 , t 1 ), where t 0 (n) = t(2n) and t 1 (n) = t(2n + 1) is clearly a homeomorphism), it follows that B × B is also hereditarily Loeb. Put B = {A i × {i} : i ∈ B} and Y = B. It can be readily verified that every element of B is a closed set in the subspace Y of B × B. Since Y is a Loeb space, B has a choice function f . Then g = {(i, π 1 (f (i))) : i ∈ B}, where π 1 is the canonical projection on the first coordinate, is a choice function for A.
(iii) (⇒) This follows from the facts that |B| = |R| and every subspace of B is second countable (hence separable by CAC(R)), and from Theorem 3.
(iii) (⇐) Arguing as in (ii) (⇐), in order to prove that CAC(R) holds, it suffices to show that every countable family of pairwise disjoint, non-empty subsets of B has a choice function. Fix such a family A = {A i : i ∈ ω}. Since ω is homeomorphic to a subspace of B and B × B is hereditarily selective, it follows that X = B × ω is also hereditarily selective. Thus, the subspace Y = {B i = A i × {i} : i ∈ ω} of X is selective. Since B = {B i : i ∈ ω} is a family of open subsets of Y , it follows that B, and consequently A, has a choice function. This completes the proof of the lemma.
Theorem 4. (i) M(Loeb,sel) is a theorem of ZF.
(ii) A complete metric space is Loeb iff it is selective.
Proof. (i) Fix (X, d) a Loeb metric space and let f be a choice function on the family G of all non-empty closed subsets of X. In view of Theorem 3, it suffices to show that X has a well-ordered dense subset G. For each n ∈ N, we construct via a transfinite induction on ordinals a well-ordered
we let D n = {x j : j < i} and the induction terminates. Otherwise, we let x i = f (U i ). The induction surely terminates at some ordinal stage.
Clearly D = {D n : n ∈ N} is a well-ordered family of well-ordered sets. Thus, G = D is a well-ordered set, and it is easy to verify that it is also dense in X.
(ii) By (i), every complete, Loeb metric space is selective. Now, let (X, d) be a complete, selective metric space. Then X has a well-ordered dense set D, hence a well-ordered base, say B = {b i : i ∈ ℵ}, ℵ an infinite well-ordered cardinal. Fix a closed set F ⊂ X. Via a straightforward induction construct a decreasing sequence (c n ) n∈ω ⊂ B such that for all n ∈ ω, c n+1 ⊂ c n , c n ∩F = ∅, and diameter(c n ) < 1/n. Using the well ordering of D, pick for each n ∈ ω, the least element
Since {c n : n ∈ ω} is clearly a neighborhood base of d and c n ∩ F = ∅ for all n ∈ ω, it follows that d ∈ F = F . We may choose the element d from F . Thus, (X, d) is a Loeb metric space as required. Remark 1. In view of the proof of (i) of Theorem 4 we see that every Loeb metric space (X, d) has a well-ordered base B = {B n : n ∈ N}, where for each n ∈ N, B n is a pairwise disjoint family of open discs each one having diameter 1/n. Indeed, let G = {D n : n ∈ N} be the well-ordered dense subset of X constructed in the proof of (i) of Theorem 4. For each n ∈ N, let B n = {D(x, 1/2n) : x ∈ D n }. By the construction of D n we have that B n is a disjoint family for all n ∈ N. Put B = {B n : n ∈ N}. Clearly, B is well ordered since |B| = |G × N| and B is a base for the metric topology T d on X. Indeed, let x ∈ X, > 0, and n ∈ N such that 1/n < . By the construction of D 2n , we have that
Let ℵ be an infinite well-ordered cardinal and let ℵ ω be the Tychonoff product of ω copies of ℵ taken with the discrete metric. It can be readily verified that
It is evident that f is an injection, thus
follows from the Cantor-Bernstein theorem (which is provable in ZF; see [7] ) that
ω \G}) be taken with the topology which inherits as a subspace of ℵ ω × ℵ ω . Since G × G is a well-ordered (e.g. lexicographically) dense subset of Y , it follows that Y is selective, and by our hypothesis, Y is Loeb. It is evident that {i} × A i is closed in Y for all i ∈ ℵ ω \G, hence any choice function on the family {{i} × A i : i ∈ ℵ ω \G} immediately yields for a choice function on A, and the proof of the implication is complete.
(
) is a selective metric space, then X has a wellordered dense subset D of cardinality ℵ, for some well-ordered cardinal ℵ. Therefore, |X| ≤ |ℵ ω | and the conclusion readily follows.
This follows immediately from Lemma 1(i). The last implication follows from the observation that 212 is equivalent to AC(ℵ ω 0 ).
Corollary 1. It is consistent relative to ZF that there exists a selective metric space that is not Loeb.
Proof. In Feferman's forcing model M2 in [5] , 212 fails; see [5] . Thus, by Theorem 5 it follows that in M2 there exists a selective, non-Loeb metric space. In particular, since CAC(R) holds in M2 (see [5] ), it follows from Lemma 1(ii), (iii) that the Baire space ω ω has a selective, non-Loeb subspace. From the definition of ρ, it follows that for all x ∈ X, (f n (x)) n∈ω is a Cauchy sequence of reals, hence let f (x) = lim n→∞ f n (x). Clearly, the sequence (f n ) n∈ω converges uniformly to f on X and consequently (f n ) n∈ω converges to f in the sense of ρ. It is obvious that f ∈ Z, hence (Z, ρ), is complete. For the isometric embedding of X into Z follow the proof of Theorem 1.6, p. 268, in [14] .) Now, fix a Loeb metric space (X, d) and let Y ⊆ X. Let (Z, ρ) be the completion of X, i.e., (Z, ρ) is complete and X = Z. (If f : (X, d) −→ (B(X, R), ρ) is an isometric embedding, then since X and f [X] are homeomorphic, we may assume that X ⊂ f [X] = Z.) By Theorem 4(i) and Theorem 3, and the fact that X is dense in Z, we conclude that Z has a well-ordered dense set, hence Z is selective. Thus, by Theorem 4(ii), Z is also Loeb and consequently the subspace Y of Z is a complete Loeb space. Then by our hypothesis we conclude that Y is also Loeb.
(ii) (M(Loeb,hLoeb) → M(sel,Loeb)) Fix (X, d) a selective metric space and let (Z, ρ) be the completion of X. Since X is dense in Z and X has a well-ordered dense subset, it follows that Z has a well-ordered dense subset, hence Z is selective.
From Theorem 4(ii), it follows that Z is also a Loeb space, and by M(Loeb,hLoeb), X is Loeb as required.
(M(sel,Loeb) → M(Loeb,hLoeb)) By (i), it suffices to show that dense subspaces of complete Loeb metric spaces are Loeb. Let (X, d) be a complete Loeb metric space and let Y be a dense subset of X. Since X is complete and Loeb, it follows from Theorem 4(i) that X is selective, hence X has a well-ordered dense subset, say of size ℵ for some infinite well-ordered cardinal ℵ. Then |Y | ≤ |X| ≤ |ℵ ω | and Y has a well-ordered base B = {B i : i ∈ ℵ} for its subspace topology. By Theorem 5 we have that our hypothesis implies AC ℵ ω , therefore B has a choice function, say f . Then {f (B i ) : i ∈ ℵ} is a well-ordered dense subset of Y which means that Y is selective. By M(sel, Loeb) it follows that Y is Loeb, and the proof is complete.
Theorem 7. (i) AC(WO)
to be a selective metric space and A = {A i : i ∈ ℵ} a well-ordered disjoint family of non-empty subsets of X. Let (Z, ρ) be the selective completion of X and without loss of generality (wlog) assume that X ⊂ Z (see the proof of Theorem 6(i) (⇐)). By Theorem 4(ii) we have that Z is a Loeb space, hence by AC Loeb (WO) it follows that A has a choice function.
( 
, and σ(x, y) = 1 otherwise. Clearly, σ is a metric on X producing the disjoint union topology on X. It is evident that X is a selective metric space. Without loss of generality we assume that for every i ∈ I, A i ⊂ Z i . By M(sel, hsel), it follows that the subspace Z = A of X is selective, hence Z has a well-ordered dense subset, say G. On the basis of G and the fact that each A i is an open subset of Z we can easily define a choice function for the family A.
(ii) ((∀X) AC sel (X)) → M(sel,hsel). This can be proved as in (AC sel (WO) → M(sel,hsel)) noticing now that a subspace of a selective metric space (X, d) has a well-ordered base of size at most |X|. In [8] it has been shown that "R is hereditarily Loeb implies CAC(R)" and it was asked whether the reverse implication holds. The answer (in the negative) to this question was our main motivation for the study of this paper, and it will come as the conclusion of the following two theorems. Case 1: κ > ℵ 0 . By induction we construct an upside down ω-tree L = {L n : n ∈ ω} such that L is uniformly well ordered of size at least κ, L n consists of closed balls for all n ∈ ω, |L n | ≥ κ, and for each t ∈ L n there exist at least κ elements s ∈ L n+1 such that s ⊆ t.
Theorem 8. If (X, d) is a Loeb metric space having a well-ordered dense set D such that |℘(D)| ≤ |X|, then AC
For n = 0 we first note that there exists an m ∈ N such that κ ≤ |B m |. If not, first let C ⊆ B such that |C| = κ. Then κ = |C| = | {C n = C ∩ B n : n ∈ N}| and since |C n | < κ, it follows that κ is singular (not regular), a contradiction. Let n 0 be the least n ∈ N such that κ ≤ |B n | and put
Suppose that we have constructed the level L n = {l ni : i ∈ |L n |} for some n > 0. By transfinite induction on |L n | we construct L n+1 as follows. 
It is clear that L is a well-ordered set (being a well-ordered union of sets each having a fixed well ordering) of size, say λ, with κ ≤ λ ≤ ℵ. If P is a path through L, then since for every F ∈ P , F is closed, F ∩ D = ∅, lim A∈P diameter(A) = 0, and X is complete, it follows that ∩P is a singleton, say {y P }. Now, for every f ∈ κ ω , and since each node of L spans in at least κ descendants, we may pick a path P f = (p f (i) ) i<κ so that f corresponds to y P f . Moreover, as each L n is an antichain, it follows that if f, g ∈ κ ω , f = g, then P f = P g and consequently y P f = y P g . Therefore, the function h which maps every
Case 2: κ = ℵ 0 . By induction we construct an upside down ω-tree L = {L n : n ∈ ω} such that L is uniformly well ordered of size ℵ 0 , L n consists of closed balls for all n ∈ ω, |L n | = ℵ 0 , and for each t ∈ L n there exist ℵ 0 many elements s ∈ L n+1 such that s ⊆ t.
For n = 0 we construct the level L 0 by induction as follows: For i = 0, let j 0 = min{j ∈ ℵ : b j = X}, where b j , j ∈ ℵ, are the elements of the base B (see the opening paragraph of the proof). j 0 is definable. To see this, let b be any element of B with a cellular family F = {f i : i ∈ I}, |I| ≥ ℵ 0 . Since B is well ordered, we may assume without loss of generality that F ⊆ B. It is evident that f i = X for all i ∈ I. Put c 00 = b j 0 . For i ∈ N and having constructed pairwise disjoint closed sets c 0j , j < i, such that (c 0j )
• ∈ B for all j < i and X = z i = {c 0j : j < i}, we first let
Suppose that we have constructed the level L n = {l ni : i ∈ ω} for some n > 0. By induction we construct L n+1 as follows: For each i ∈ ω we work exactly as in the case n = 0, but now using l ni instead of X and obtain an infinite, pairwise disjoint family C l ni of closed subsets of l ni whose interiors belong to B.
Put L = {L n : n ∈ ω}. We may continue now as in the last paragraph of the case κ > ℵ 0 in order to verify that ℵ 
Independence results
Theorem 11. In ZF, CAC(R) does not imply R is hereditarily Loeb.
Proof. In Feferman's forcing model M2 in [5] , CAC(R) holds whereas 212 fails; see [5] . From Theorem 10 we conclude that in M2, R has a subspace which is not Loeb.
is strictly weaker than AC ℵ ω , hence strictly weaker than M(Loeb,hLoeb).
Proof. (i) First we point out that the statements M(Loeb,hLoeb) and M(sel,hsel) hold true in every permutation model, since any Loeb (or selective) metric space is well orderable in such a model; see the Introduction. To establish our independence result, we first recall the description of the permutation model we constructed in [10] . The set of atoms A = {A n : n ∈ ω}, where A n = {a n,x : x ∈ R} and A n is ordered like the reals by ≤ n . Thus, (A n , ≤ n ) is order isomorphic to (R, ≤) for all n ∈ ω. G is the group of all permutations π on A such that π| A n ∈ Aut(A n , ≤ n ) for all n ∈ ω, where Aut(A n , ≤ n ) is the group of all order automorphisms on A n . The normal ideal I of supports is the ideal generated by the set of all finite unions i≤n A i , n ∈ ω. Let N be the resulting permutation model. We show now that AC(WO) is false in N by establishing that the family A = {A n : n ∈ ω} does not have a choice function in N . A ∈ N and it is countable in N since both A and its enumeration f = {(n, A n ) : n ∈ ω} have empty support, i.e., every permutation π ∈ G fixes A and f . Assume on the contrary that A has a choice function f ∈ N with support E, that is, fix(E) ⊆ sym(f ), where fix(E) = {π ∈ G : (∀a ∈ E)π(a) = a} and sym(f ) = {π ∈ G : π(f ) = f }. Suppose that E = A 0 ∪ A 1 ∪ . . . ∪ A k for some k ∈ ω and that f (A k+1 ) = a k+1,x for some x ∈ R. Define the permutation φ on A by requiring φ| A n be the identity for all n = k + 1, and φ(a k+1,z ) = a k+1,z+1 , for all z ∈ R. It is evident that φ ∈ G since φ| A k+1 is a translation on A k+1 and the identity mapping on A \ A k+1 , and that φ fixes E pointwise. Hence, φ(f ) = f and we have (A k+1 , a k+1,x ) ∈ f → (φ (A k+1 ), φ(a k+1,x ) ) ∈ φ(f ) → (A k+1 , a k+1,x+1 ) ∈ f . This is a contradiction, hence A admits no choice function in the model N .
(ii) In Feferman's forcing model, model M2 in [5] , AC(WO) holds (see [5] ), hence by Theorem 7(i), M(sel,hsel) also holds in this model. However, 212 fails in M2 (see [5] and [17] ), and consequently by Theorems 5, and 6(ii), AC ℵ ω and M(Loeb,hLoeb) also fail in that model.
Theorem 13. (i)
In ZF, WO ℵ ω , hence M(Loeb,hLoeb), is strictly weaker than AC.
(ii) In ZF, 212 is strictly weaker than WO ℵ ω .
Proof. (i) In [9, Theorem 11] we constructed a symmetric extension model (N , ∈) of a countable transitive model (M, ∈) of ZF+(V = L) using an ℵ 1 -closed partially ordered set P of forcing conditions. Due to P, all cardinals of M are preserved in N and for every ℵ ∈ M, no new functions f : ω −→ ℵ are added; see [12, p. 214, Theorem 6.14]. Therefore, (ℵ ω ) M = (ℵ ω ) N and since AC is true of M, ℵ ω is wellorderable in N for every well-ordered cardinal ℵ. Thus, WO ℵ ω is valid in N , and consequently M(Loeb,hLoeb) is also true of N (see the Introduction). However, the principle PW fails in N , since R is well orderable in N whereas ℘(R) is not; see [9] . The conclusion now follows from the fact that in ZF, AC is equivalent to PW; see [2] .
(ii) Clearly, WO ℵ ω implies that ω ω is well orderable, hence R is well orderable. Thus, WO ℵ ω implies the axiom AC(R). It is well known that 212 does not imply AC(R) in ZF (see [5] ), and the independence result follows.
